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We obtain numerical solutions for rotating topological solitons of the nonlinear σ -model in three-
dimensional anti-de Sitter space. Two types of solutions, i) and ii), are found. The σ -model ﬁelds are 
everywhere well deﬁned for both types of solutions, but they differ in their space–time domains. Any 
time slice of the space–time for the type i) solution has a causal singularity, despite the fact that all 
scalars constructed from the curvature tensor are bounded functions. No evidence of a horizon is seen 
for any of the solutions, and therefore the type i) solutions have naked singularities. On the other hand, 
the space–time domain, along with the ﬁelds, for the type ii) solutions are singularity free. Multiple 
families of solutions exhibiting bifurcation phenomena are found for this case.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Asymptotically AdS solutions are of current interest due to 
their application to holography and their indication of possible 
phase transitions in the boundary ﬁeld theory [1]. Examples of 
such solutions are AdS black holes [2], AdS solitons [3], and their 
hairy extensions [4–7]. Here we show the existence of asymptot-
ically AdS3 σ -model solitons. Their stability requires the ﬁelds 
to be rotating. Nonrotating asymptotically AdS3 σ -model solitons 
were previously shown not to exist [8]. This is also evident from 
a simple scaling argument. While the σ -model Lagrangian in two 
spatial dimensions is scale invariant for static ﬁeld conﬁgurations, 
this is no longer the case in a background anti-de Sitter space. 
Rather, there is a contribution which scales like r2, leading to 
an attractive force, in addition to the gravitational attraction. The 
absence of any stabilizing forces, is thus consistent with the nonex-
istence of static solutions. The above arguments do not apply for 
rotating ﬁeld conﬁgurations. We show that, as a result, there exist 
rotating topological solitons which approach AdS3 in the large dis-
tance limit. Asymptotically ﬂat self-gravitating solitons in the 2 +1
dimensional nonlinear σ -models have been known to exist for a 
long time [9]. Analogous self-gravitating solutions, or skyrmions, 
in 3 + 1 dimensions are well known [10]. Spinning skyrmions in 
3 +1 dimensional gravity have also been considered [11]. Solutions 
with large winding number (corresponding to baryon number) 
have been proposed to model dense stars [12–14]. Singularities 
and horizons can arise for skyrmions in space–times with differ-
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SCOAP3.ent cosmological constants. Such solutions are hairy black holes, 
and they have been extensively studied [10,15–28] It is of interest 
to know if the 2 + 1 dimensional nonlinear σ -model also admits 
solutions with horizons at ﬁnite distances.
Here we examine the standard nonlinear σ -model coupled 
to gravity with a negative cosmological constant. Our ansatz for 
σ -model ﬁelds in 2 + 1 dimensions is suitable for the construc-
tion of solitons with arbitrary winding number. Using numerical 
methods we obtain two types of rotating soliton solutions with in-
teger winding number. This is due to the existence of two types of 
space–time metrics near the origin. From either space–time metric 
one gets that all scalars constructed from the curvature tensor are 
bounded at the origin. Nevertheless, the origin is a casual singular-
ity for one case, which we denote by i) and not the other, which 
we denote by ii). The singularity for the type i) solution closely 
resembles that of a BTZ black hole. Here it is a naked singular-
ity because the solutions have no horizons.1 The σ -model ﬁelds 
are everywhere well deﬁned for solitons i), even though the do-
main has a singularity, i.e., the ﬁelds have a well-deﬁned limit at 
the casual singularity. Thus the solitons i) are restricted to distinct 
topological sectors, and they are thus topological solitons. There 
are no space–time singularities (or horizons) for solutions ii), and 
they too are topological solitons. From their asymptotic form at 
1 Solutions with singular metric tensors are of physical relevance in 2 + 1 grav-
ity. Examples of singularities are the helical and conical singularities appearing in 
the metric tensor of point particles with, and without spin, respectively. As with 
our type i) solutions, all scalar quantities constructed from the associated curvature 
tensor are bounded everywhere. Furthermore, since our type i), as well as the type 
ii) solutions, are asymptotically AdS, they are of interest for the AdS/CFT correspon-
dence. under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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same parameters as is used to label a BTZ black hole, namely, 
mass and angular momentum, with the addition of parameters as-
sociated with the matter content. An alternative mass and angular 
momentum can be assigned to the solitons using collective coor-
dinate techniques. Collective coordinate quantization leads to the 
usual spectrum for a rigid rotor in two spatial dimensions.
We denote the nonlinear σ -model ﬁelds by a , a = 1, 2, 3, con-
strained on S2, aa = 1. The action for a coupled to 2 + 1
gravity is
S =
∫
d3x
√−g
( 1
16πG
(R − 2) − 1
2
∂μa∂
μa
+ λ(aa − 1)
)
+ SGHY − S AdS , (1)
where G is the three-dimensional version of Newton’s constant 
(here in dimensionless units),  is the cosmological constant, and 
λ is a Lagrange multiplier. SGHY is the Gibbons–Hawking–York 
term [29] on the boundary at spatial inﬁnity r → ∞,
SGHY = 1
8πG
∫
r→∞
d2x
√
−h K . (2)
h is the determinant of the induced metric on the boundary, and 
K is the trace of the extrinsic curvature, K = − 1√−g ∂μ(
√−g nˆμ), 
where nˆμ is the unit vector normal to the boundary. S AdS is the 
inﬁnite AdS vacuum action, which we subtract off in order for 
the gravity contribution to the action to be ﬁnite. Just as in ﬂat 
space-time, one needs that a → constant as r → ∞, in order for 
the matter contribution to the action to be ﬁnite. This identiﬁca-
tion implies that the domain for the nonlinear-sigma model on any 
time-slice is S2, and topologically distinct ﬁeld conﬁgurations re-
sult. We demand that a has a unique limit everywhere on S2, 
including at the point associated with the origin, which may or 
may not be a causal singularity. We label the topological sectors 
by the winding number
n = − 1
8π
∫
x0=constant
d2xabci ja∂ib∂ jc , (3)
where the integral is on any time-slice, and n is normalized to be 
an integer. abc and i j denote totally antisymmetric tensors, and 
i, j, .. = 1, 2 are spatial indices.
In section 2 we write down the ansatz for the metric tensor 
and a and give asymptotic solutions near spatial inﬁnity and the 
origin. Some numerical solutions are presented in section 3. Collec-
tive coordinate quantization is shown in section 4. The question of 
the existence of black hole solutions with nonlinear σ -model hair 
is examined in section 5, while some brief concluding remarks are 
given in section 6.
2. Asymptotic solutions
We parametrize any two-dimensional time-slice with polar co-
ordinates (r, φ), and the time by t . Our ansatz for the metric tensor 
is expressed in terms of three radial functions A, B and 
,
ds2 = −A(r)dt2 + B(r)
A(r)
dr2 + r2
(
dφ + 
(r)dt
)2
, (4)
while the σ -model ﬁelds a are written in terms of one radial 
function χ and a ﬁxed angular velocity ω,⎛⎝12

⎞⎠=
⎛⎝sinχ(r) cos (φ − ωt)sinχ(r) sin (φ − ωt)
cosχ(r)
⎞⎠ . (5)
3The functions A, B and χ are dimensionless, while 
 and ω have 
units of inverse-time. Without any loss of generality we can set 
χ(∞) = 0. Then for ﬁelds in the nth topological sector, χ(0) =
nπ . Upon substituting (4) and (5) into the action (including the 
Gibbons–Hawking–York term) we get
S = π
κ
∫
dtdr√
B
{
∂r A + r
3(∂r
)
2
2
+ 2rB
2
− rκ
(
A(∂rχ)
2 +
( 1
r2
− (ω + 
)
2
A
)
B sin2 χ
)}
− S AdS , (6)
where κ = 8πG , and we set  = − 1
2
. It is convenient to introduce 
the dimensionless radial variable x = r/. Then
S = π
κ
∫
dtdx√
B
{
A′ + x
3
˜′ 2
2
+ 2xB
− xκ
(
Aχ ′ 2 +
( 1
x2
− (ω˜ + 
˜)
2
A
)
B sin2 χ
) }
− S AdS , (7)
where 
˜ =  
 and ω˜ =  ω, and the prime denotes a derivative 
with respect to x. Upon extremizing the action with respect to 
variations in A, B , 
˜ and χ , we get
1
2
(ln B)′ = κ x
(
χ ′ 2 + B
A2
(ω˜ + 
˜)2 sin2 χ
)
0= A′ + x
3
˜′ 2
2
− 2xB
+ κ x
(
−Aχ ′ 2 +
( 1
x2
− (ω˜ + 
˜)
2
A
)
B sin2 χ
)
(
x3
˜′√
B
)′
= 2κx
A
√
B (
˜ + ω˜) sin2 χ
(
xAχ ′√
B
)′
= x√B
( 1
x2
− (ω˜ + 
˜)
2
A
)
sinχ cosχ , (8)
respectively.
Next we write down the solutions to (8) in the asymptotic re-
gions x → ∞ and x → 0.
2.1. x → ∞
For the asymptotic region x → ∞ we demand that χ → 0 and 
that we recover anti-de Sitter space in the limit. The large distance 
behavior for A, B , 
˜ and χ can be determined from (8):
A → x2 − M + J
2
x2
+
κν2
((

˜∞ + ω˜
)2 + 4M + 1)
12x4
+O
( 1
x6
)
B → 1− 2κν
2
x4
+
κν2
((

˜∞ + ω˜
)2 − 8M − 2)
3x6
+O
( 1
x8
)

˜ → 
˜∞ + J
x2
+
κν2
(

˜∞ + ω˜ − 4 J
)
12 x6
+O
( 1
x8
)
χ → ν
x2
+
ν
(
−
(

˜∞ + ω˜
)2 + 4M + 1)
8 x4
+O
( 1
x6
)
,
x → ∞ , (9)
where M, J , 
˜∞ and ν are constants, the ﬁrst two being the mass 
and angular momentum parameters, respectively. The solution is 
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tensor for three-dimensional anti-de Sitter space with a localized 
matter source [4]. The Ricci scalar tends towards the AdS3 value 
of −6 in the limit. The constant 
˜∞ can always be eliminated by 
transforming to the co-rotating frame at spatial inﬁnity, where ω˜
in the ansatz (5) gets replaced by 
˜∞ + ω˜. Conversely, we can 
transform to a frame where the σ -model ﬁelds are static by re-
placing 
˜∞ by 
˜∞ + ω˜.
2.2. x → 0
Two possible power series expansions for A, B , 
˜ and χ exist 
near the origin. Two of the functions, A and 
˜, are singular at the 
origin for one solution, while all functions have a ﬁnite limit for 
the other. For the former, A, 
˜ ∼ 1
x2
, as x → 0. More speciﬁcally, 
near the origin the solution has the form
A → J0
2
x2
− M0 + B0x2 − κ
3
M0χ
2
2 x
4 + O(x6)
B → B0
(
1 + 2κχ22 x4 +
κχ22
3 J02
(B0 + 8M0)x6 + O(x8)
)

˜ → J0
x2
+ 
˜0 − κ J0χ22 x2 −
2κM0χ22
3 J0
x4 + O(x6)
χ → nπ + χ2x2 + χ2M0
2 J02
x4 + O(x6) , x → 0 , (10)
where J0, M0, B0, 
˜0 and χ2 are constants. For ﬁnite J0 = 0, M0, 
B0, 
˜0, the time-time component gtt = −A + x2
˜2, as well as the 
remaining components of the metric tensor, are bounded at the 
origin,
ds2 ∼ (M0 + 2 J0
˜0)dt2 + B0
J20
x2 dx2 + 2 J0 dtdφ + x2 dφ2 . (11)
All scalars constructed from the curvature tensor are bounded in 
the x → 0 limit, e.g. the Ricci scalar tends toward 4κ J02χ22B0 −6. Nev-
ertheless, a causal singularity exists at the origin for this solution. 
The metric tensor near the origin closely resembles that of the BTZ 
black hole [2]. For the numerical solutions discussed in section 3
there are no horizons at ﬁnite x, and so the singularity is naked 
for all such solutions.
The power series solution (11) is not valid for J0 = 0. For this 
case one has the alternative power series solution
A → −M0 − M0x2 + κ
8
χ21
(
−3M0 + (
˜0 + ω˜)2
)
x4 + O(x6)
B → −M0 − κM0χ21 x2 +
κ
8
χ21
(
−M0
(
2χ21 (5κ − 1) − 9
)
+ (
˜0 + ω˜)2
)
x4 + O(x6)

˜ → 
˜0 + κ
4
χ21 (
˜0 + ω˜)x2
− κ
48M0
χ21 (
˜0 + ω˜)
(
−M0
(
2χ21 (4κ − 1) − 7
)
− (
˜0 + ω˜)2
)
x4 + O(x6)
χ → nπ + χ1x − χ1
24M0
(
−M0
(
2χ21 (3κ − 1) − 9
)
− 3(
˜0 + ω˜)2
)
x3 + O(x5) , x → 0 , (12)where all functions have a ﬁnite limit. This solution is parametrized 
by M0, 
˜0 and χ1. The invariant length near the origin takes the 
form
ds2 ∼ M0(1+ x2)dt2 +
(
1+ (κχ21 − 1)x2
)
dx2 + x2(dφ + 
˜0dt)2 .
(13)
For a Lorentzian space–time near the origin we need that M0 < 0. 
When 
˜0 = 0, any t-slice approaches ﬂat Euclidean space as x → 0. 
When 
˜0 = 0, the space–time near the origin is rotating. In either 
case, the space–time is singularity free.
3. Numerical solutions
We have not found any analytic solutions to (8) away from the 
asymptotic regions and therefore rely on numerical methods. We 
numerically integrate (8) subject to the asymptotic expressions (9)
near the AdS3 boundary to obtain A, B , 
˜ and χ at ﬁnite x. For 
topological solitons χ(0) must be an integer multiple of π . The 
topological solitons solutions can be parametrized by the constants 
J , M , ν and 
˜∞ appearing in (9). One strategy for obtaining solu-
tions is to ﬁrst ﬁx three of the parameters (along with κ and ω˜), 
and then apply shooting methods to tune the remaining one such 
that χ → nπ as x → 0, where the winding number n is equal to 
a nonzero integer. Near the origin the solutions must satisfy either 
(10) or (12), corresponding to type i) or ii) solutions, respectively. 
The parameters appearing in (10) or (12) can then be determined 
numerically from M, J , ν and 
˜∞ . Conversely, given J0, M0, B0, 

˜0 and χ2 of the expression (10) or M0, 
˜0 and χ1 of (12) (and 
the winding number n) we can numerically determine the param-
eters M, J , ν and 
˜∞ describing the large distance behavior.
3.1. Type i) solutions
Numerical solutions satisfying (10) near the origin correspond-
ing to type i) solutions are found for large regions of the parameter 
space. Examples of the behavior of the functions A(x) and χ(x)
for these solutions appear in ﬁgures 1 through 5. There we plot 
χ versus log(x) and log(A) versus log(x) for different values of n, 
ω˜, M , J and κ . We set 
˜∞ = 0, which means that we are work-
ing in the co-rotating frame as x → ∞. In the captions we list the 
ﬁtted values for ν for each solution. One example which appears 
in all Figures 1–5 is the n = 1 soliton with κ = ω˜ = M = J = 1
and ν ≈ 2.33. For this example the functions A, B , 
˜ and χ tend 
towards (10) as x → 0, with the following values for the short dis-
tance parameters: M0 ∼ −.34, J0 ∼ .094, B0 ∼ .0035, 
˜0 ∼ 1.92
and χ2 ∼ −14.9.
Solutions i) with winding number one, two and three, with 
M = J = κ = ω˜ = 1, are shown in Figs. 1a and 1b. n = 1 solu-
tions are plotted for different rotation velocities ω˜, including zero, 
(with M = J = κ = 1) in Figs. 2a and 2b. n = 1 solutions are plot-
ted for different values of the mass parameter, including 0 and −1, 
(with J = κ = ω˜ = 1) in Figs. 3a and 3b and different values of the 
angular momentum parameter, including 0, (with M = κ = ω˜ = 1) 
in Figs. 4a and 4b. Finally, n = 1 solutions are plotted in Figs. 5a 
and 5b for different values of κ (with M = J = ω˜ = 1). From the 
results in Figs. 2 and 4, neither a nonzero rotation velocity ω˜ in 
the internal space nor a nonzero angular momentum J is neces-
sary to stabilize the soliton, since we ﬁnd solutions when either ω˜
is zero or J is zero. On the other hand, we ﬁnd no solutions when 
both ω˜ and J vanish, which is consistent with the no-go result in 
[8]. In addition, we ﬁnd novel solutions where both the mass and 
angular momentum parameters vanish, M = J = 0, and one with 
M = −1, J = 0. If one takes these as parameters for the BTZ black 
hole, the former would correspond to a zero mass black hole and 
404 B. Harms, A. Stern / Physics Letters B 763 (2016) 401–408Fig. 1. Varying n. Self-gravitating rotating solitons with parameters: M = J = κ = ω˜ = 1. χ versus log x is plotted in ﬁgure (a), and log A versus log x is plotted in ﬁgure (b). 
ν ≈ 2.33 gives the n = 1 soliton (solid curve), ν ≈ 4.92 gives the n = 2 soliton (dashed curve) and ν ≈ 7.52 gives the n = 3 soliton (dot-dashed curve).
Fig. 2. Varying ω˜. n = 1 self-gravitating solitons with parameters: M = J = κ = 1 for different values of ω˜. χ versus log x is plotted in ﬁgure (a), and log A versus log x is 
plotted in ﬁgure (b). ν ≈ 2.33 gives the soliton with ω˜ = 1 (solid curve), ν ≈ 1.48 gives the soliton with ω˜ = 0 (dashed curve) and ν ≈ 1.22 gives the soliton with ω˜ = −1
(dot-dashed curve).
Fig. 3. Varying M . n = 1 self-gravitating solitons with parameters: J = κ = ω˜ = 1 for different values of the mass parameter M . χ versus log x is plotted in ﬁgure (a), and 
log A versus log x is plotted in ﬁgure (b). ν ≈ 2.33 gives the soliton with M = 1 (solid curve), ν ≈ 2.89 gives the soliton with M = 0 (dashed curve) and ν ≈ 3.42 gives the 
soliton with M = −1 (dot-dashed curve).
B. Harms, A. Stern / Physics Letters B 763 (2016) 401–408 405Fig. 4. Varying J . n = 1 self-gravitating solitons with parameters: M = κ = ω˜ = 1 for different values of the angular momentum parameter J . χ versus log x is plotted in 
ﬁgure (a), and log A versus log x is plotted in ﬁgure (b). ν ≈ 2.33 gives the soliton with J = 1 (solid curve), ν ≈ .569 gives the soliton with J = 0 (dashed curve) and ν ≈ 1.22
gives the soliton with J = −1 (dot-dashed curve).
Fig. 5. Varying κ . n = 1 self-gravitating solitons with parameters: M = J = ω˜ = 1 for different values of κ . χ versus log x is plotted in ﬁgure (a), and log A versus log x is 
plotted in ﬁgure (b). ν ≈ 2.33 gives the soliton with κ = 1 (solid curve), ν ≈ 1.76 gives the soliton with κ = .25 (dashed curve) and ν ≈ 1.52 gives the soliton with κ = .05
(dot-dashed curve).the latter would correspond to anti-de Sitter space. An example 
of a soliton with M = J = 0 occurs for κ = ω˜ = 1, ν ≈ .77, and a 
soliton with M = −1, J = 0 occurs for κ = ω˜ = 1, ν ≈ 1.061. As 
required, A approaches x2 as x → ∞ for all of the above examples, 
while it does not pass through zero for any x. The latter behavior 
indicates that there are no horizons. A and 
 go as 1/x2 near the 
origin.
3.2. Type ii) solutions
Numerical solutions can also be found for which all of the func-
tions are bounded, including at the origin where they approach 
(12). These solutions cover a smaller region in parameter space 
than i) since they correspond to the limiting case of J0 → 0 in 
(11). By integrating from x → ∞ using (9) and from x → 0 us-
ing (12) we can match the four functions A, B , 
 and χ , along 
with their derivatives, at ﬁnite x to arbitrary accuracy. An exam-
ple of such a solution is shown in Fig. 6(a), where M0 ≈ −.193, 

˜0 ≈ −2.09, χ1 ≈ −8.08, ω ≈ 1.37 and κ ≈ .246. All four func-
tions are well behaved at the origin. By matching the functions 
and their derivatives at x = 1, we determined the parameters 
of the large distance solution (9) to be M ≈ .0539, J ≈ .0817, 
∞ ≈ −2.77 and ν ≈ .241. As in the previous ﬁgures, A does not 
cross the x-axis, indicating no horizons. The function χ(x) mono-
tonically decreases from π to 0 as x goes from 0 to ∞. On the 
other hand, solutions can also be found where χ(x) has multiple 
nodes, as is illustrated in Fig. 6(b) for solutions with zero, one and 
two nodes. The depicted n = 1 solutions have common values for 
κ , ω and M0, and differing values of the parameters χ1 and 
˜0.
The space of nonsingular solutions can be parametrized by ω, 
κ , M0, 
˜0 and χ1. We examine the parameter space for the zero, 
one and two node solutions in Figs. 7, 8(a) and 8(b). Keeping κ
and ω ﬁxed, we plot −χ1 versus 
˜0 in Fig. 7. χ1(
˜0) is seen to be 
multi-valued, with a cusp singularity occurring for the zero node 
solutions at some minimum value of 
˜0. (Analogous behavior has 
been noted for self-gravitating Skyrmions [16].) −χ1(κ) [with ω
and M0 held ﬁxed] is plotted in Fig. 8(a) and −χ1(−M0) [with ω
and κ held ﬁxed] is plotted in Fig. 8(b). Finite domains are seen 
for both of these functions, implying upper bounds on the allowed 
values for κ and −M0. We also get no soliton solutions in the lim-
iting cases of κ → 0 and −M0 → 0. [The latter limit corresponds 
to the function A vanishing at the origin, indicating a horizon in 
the zero radius limit. If solutions existed with −M0 → 0 they could 
coincide with the zero radius limit of the horizon of a hairy black 
406 B. Harms, A. Stern / Physics Letters B 763 (2016) 401–408Fig. 6. Singularity-free solutions. In (a), χ (solid curve), A (large dashed curve), B (dot-dashed curve) and −
˜ (small dashed curve) are plotted versus x for a singularity-free 
solution for the following values of the parameters introduced in (12): M0 ≈ −.193, 
˜0 ≈ −2.09, χ1 ≈ −8.08, ω ≈ 1.37 and κ ≈ .246. In (b), χ (x) is plotted for three 
different soliton solutions having κ ≈ .12, ω ≈ 1.3721 and M0 ≈ −.2 The monotonically decreasing solution (solid curve) has χ1 ≈ −5.80 and 
˜0 ≈ −3.01; The single node 
solution (dashed curve) has χ1 ≈ −11.94 and 
˜0 ≈ −3.52; The double node solution (dotted curve) has χ1 ≈ −23.25 and 
˜0 ≈ −4.19.Fig. 7. −χ1(
˜0) [with κ = .12 and ω = 1.3721] is plotted for the solutions having 
monotonically decreasing χ (solid curve), the single node solutions (dashed curve) 
and the double node solutions (dotted curve). χ1(
˜0) is seen to have a cusp singu-
larity at 
˜0 ≈ −3.02 for the zero node solutions.
hole. The absence of such solutions is then consistent with not 
ﬁnding any black hole solutions with σ -model hair, which is what 
we report in section 5.]
4. Collective coordinate quantization
Collective coordinate quantization allows for an alternative def-
inition of the mass and angular momentum of the soliton. We 
denote them by M and J , respectively. Both can be computed 
from the action (1) evaluated for the soliton. A Chern–Simons term 
[30,31] can be included in the total action, and this will produce 
a contribution which is linear in the angular velocity, in addi-
tion to those coming from (1). However, such contributions do not 
affect the energy spectrum, and so we will not consider the Chern–
Simons term.
In the collective coordinate approach one replaces ω˜ with a dy-
namical angular velocity ψ˙ , with the caveat that its variation is 
suﬃciently small so that it doesn’t signiﬁcantly change the values of the mass M or the moment of inertia I of the soliton. M is 
deﬁned as the ψ˙-independent contribution to the soliton action, 
while I/2 is the coeﬃcient of the quadratic contribution in ψ˙ . As 
indicated above, there is also a linear contribution. Thus the soliton 
action can be written
S =
∫
dt
{1
2
Iψ˙2 + αψ˙ −M
}
, (14)
where I , α and M are given by the radial integrals
I = 2π
∫
dx
x
√
B
A
sin2 χ
α = 2π
∫
dx
x
˜
√
B
A
sin2 χ
M= −π
κ
∫
dx√
B
{
A′ + x
3
˜′ 2
2
+ 2xB
− xκ
(
Aχ ′ 2 +
( 1
x2
− 
˜
2
A
)
B sin2 χ
)
− 4x√B
}
. (15)
The inﬁnite AdS vacuum action S AdS was subtracted from M. The 
angular momentum of the soliton is J = Iψ˙ . From the asymp-
totic behavior (9) as x → ∞ and the behavior (10) or (12) as 
x → 0, the integral expressions for I , α and M are ﬁnite. (This 
is in contrast to the moment of inertia for the σ -model soliton in 
Minkowski space–time, which is not bounded, leading to a spon-
taneous breakdown of rotational symmetry [32].) For the n = 1
solution with M = J = 1 appearing in ﬁgures 1 through 5 we get 
M ≈ −22.1 and J = Iω˜ ≈ 7.6. For the topological soliton illus-
trated in Fig. 6 having M ≈ .0539 and J ≈ .0817 we get M ≈ 2.1
and J = Iω˜ ≈ 2.78.
The Hamiltonian for the system is
H = J
2
2I +M . (16)
The angular momentum J is related to the canonical momentum 
pψ by J = pψ −α. Its Poisson bracket with the U (1) phase eiψ is 
then
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In passing to the quantum theory the spectrum of the operator 
Jˆ corresponding to J is not unique, the eigenvalues being inte-
gers plus an arbitrary constant [30,31]. It obeys the commutator
[êiψ, Jˆ ] = −h¯ êiψ , (18)
where êiψ is the operator corresponding to eiψ . The algebra has 
the Casimir operator exp 2π ih¯ Jˆ , whose eigenvalues are phases eiφ0
which label different irreducible representations in the quantum 
theory. The spectrum for Jˆ is then h¯ times an integer m plus an 
arbitrary phase constant, h¯m + φ0h¯2π , and so from (16) the energy 
eigenvalues are
Em = h¯
2
2I
(
m + φ0
2π
)2 +M (19)
Of course the energy spectrum depends on an additional integer n, 
the winding number, since I and M do.
5. The question of hairy BTZ black hole solutions
The functions A(x) and B(x) were positive for all of the nu-
merical solutions obtained previously by integrating either from 
x → 0 or x → ∞. Thus none of these solutions developed hori-
zons. We can instead try to a priori assume the existence of at 
least one horizon. In the case of multiple horizons, let xH > 0
denote the location of the outer most one. Then A(xH ) = 0. A con-
sistent solution of (8) near the horizon, |x − xH | << 1, can be 
obtained by demanding that 
˜(xH ) = −ω˜. A power series expan-
sion for the functions A, B , 
˜ and χ can then be determined from 
three independent parameters, say BH = B(xH ), χH = χ(xH ) and 

˜1 = 
˜′(xH ), as well as xH . Up to ﬁrst order in x − xH ,
A → A1 (x− xH ) +O
(
(x− xH )2
)
B → BH + B1 (x− xH ) +O
(
(x− xH )2
)

˜ → −ω˜ + 
˜1 (x− xH ) +O
(
(x− xH )2
)
χ → χH + χ1 (x− xH ) +O
(
(x− xH )2
)
, (20)where the horizon parameters A1, BH , B1, 
˜1, χH and χ1 satisfy
A1 = 2BHxH − 
˜
2
1x
3
H
2
− κBH sin
2 χH
xH
B1 = 2κxH BH
(
χ21 +
BH 
˜21 sin
2 χH
A21
)
χ1 = BH sin(2χH )
2x2H A1
. (21)
Setting χ at x = xH equal to an integer multiple of π in (21) leads 
to χ1 = 0, along with the vanishing of higher derivatives of χ at 
x = xH . Therefore, there are no solutions with χ(xH ) = nπ , and so 
the domain x ≥ xH of the nonlinear σ -model cannot be taken to be 
S2. Since we desire no horizons in the domain x ≥ xH , we require 
that A(x), B(x) > 0 in this domain and so A1 > 0. It follows from 
(21) that BH (1 − κ sin
2 χH
2x2H
) >

˜21x
2
H
4 and sin
2 χH <
2x2H
κ .
The above conditions are of course satisﬁed for the ‘bald’ BTZ 
solution where the four functions A, B , 
˜ and χ are respectively
ABT Z = x2 − M + J
2
x2
BBT Z = 1 
˜BT Z = 
˜∞ + J
x2
χBT Z = 0 . (22)
Then identifying xH with the outer horizon, x2H = 12
(
M +√
M2 − 4 J2), we get the following results for the horizon parame-
ters
A1 = 2
xH
√
M2 − 4 J2 BH = 1 
˜1 = −2 J
x3H

˜∞ + ω˜ + J
x2H
= B1 = χH = χ1 = 0 , (23)
which satisfy (21).
For a hairy black hole we drop the restriction of χH = χ1 = 0
as well as the other results in (23) that follow for the BTZ solu-
tion. A monotonically decreasing function χ(x) and monotonically 
increasing function for A(x) require χ1 < 0 and A1 > 0, respec-
tively. From the last equation in (21) and BH > 0 it follows that 
sin(2χH ) < 0. Given these inequalities on the horizon parameters, 
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tions of motion (8) from xH to x → ∞. Upon so doing we were 
unable to recover the asymptotic solution (9) at x → ∞, and hence 
we did not ﬁnd any black hole solutions with nonlinear σ -model 
hair.
6. Concluding remarks
We obtained numerical solutions for two types, i) and ii), 
of rotating self-gravitating topological solitons of the nonlinear 
σ -model where the space–time approaches AdS3 in the large dis-
tance limit. Upon embedding the solutions in 3 + 1 dimensions, 
they can be interpreted as cosmic strings. For the type i) solution, 
any time slice of the space–time domain has a causal singular-
ity, which is analogous to the BTZ black hole singularity. On the 
other hand, the space–time domain is singularity free for type ii)
solutions. χ(x) for such solutions exhibits an arbitrary number of 
nodes. No evidence of a horizon was seen for any of the solutions. 
Therefore these solutions are not hairy black holes, and further-
more the type i) solutions have naked singularities.
Among the lines of inquiry that remain to be investigated is 
the search for black hole solutions with nonlinear σ -model hair, 
analogous to the known 3 + 1 dimensional black hole solutions 
with Skyrme hair. This may require the inclusion of higher order 
derivative terms, analogous to the Skyrme term, in the nonlinear 
σ -model action. While the solitons obtained here are topologically 
stable, the question of whether or not they are stable under lo-
cal ﬂuctuations needs to be determined. Finally, it is worthwhile 
to understand the role that these new three-dimensional AdS so-
lutions may or may not play for the two-dimensional space–time 
boundary ﬁeld theory.
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